Abstract: We show that intersection multiplicities over regular local rings can be computed using Hilbert polynomials of modules over the bigraded rings constructed by Gabber in his proof of Serre's nonnegativity conjecture. As a consequence, we give a simpler proof of a criterion in Kurano and Roberts 7] for intersection multiplicities to be positive.
Introduction
In 11], Serre introduced a de nition of intersection multiplicity for regular local rings, showed that it satis ed many of the properties which should hold for intersection multiplicities, and stated a number of conjectures. Of these conjectures, the only one which is still open is the positivity conjecture, which states that under certain conditions on dimension (we give a precise statement below), the intersection multiplicity will be positive. Recently, Gabber used a construction of de Jong to prove that these multiplicities are always nonnegative, thus establishing one of the conjectures. In his proof, he constructed a scheme which can be represented by a bigraded ring and reduced the computation of intersection multiplicities to the computation of an Euler characteristic de ned by modules over this ring. In this paper we de ne Hilbert polynomials for bigraded modules over this type of bigraded ring and show that the Euler characteristic can be computed using these Hilbert polynomials. We then use this construction to give a simple proof of a criterion for positivity proven in Kurano and Roberts 7] . Some of these ideas were discussed in Roberts 10] ; however, the criterion we prove here was not included in that paper.
The outline of the paper is as follows. In section two we recall the facts we need about the positivity conjecture and Gabber's construction. In the next section we prove the existence of Hilbert polynomials in the case we are considering. We then prove a reduction formula for dividing by a homogeneous element and, in the following section, prove the basic relations between Hilbert polynomials and dimension. Finally, in section six, we prove the criterion for positivity.
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Intersection multiplicities and Gabber's construction
Let R be a regular local ring of dimension d with maximal ideal m, and let X = Spec(R). Let p and q be prime ideals of R such that p + q is m-primary, or, equivalently, such that R=p R R=q is a module of nite length. Then the intersection multiplicity of R=p and R=q is de ned to be For the basic properties of intersection multiplicities we refer to Serre 11] . Serre made several conjectures, of which we state two:
(1) (Nonnegativity.) (R=p; R=q) 0. (2) (Positivity.) If dim(R=p) + dim(R=q) = dim(R), then (R=p; R=q) > 0.
Serre proved these conjectures in the equicharacteristic case using the method of reduction to the diagonal. This method reduced the problem to the case in which one of the ideals is generated by a regular sequence, and in this case, he showed that the intersection multiplicity de ned as above could be computed using Samuel multiplicities de ned by Hilbert polynomials. For Samuel multiplicities these properties are easy to verify.
Recently, Gabber proved the nonnegativity conjecture using a theorem on the existence of regular alterations of de Jong 6] . We next describe this construction brie y; for more details, we refer to Berthelot 1], Hochster 5] , and Roberts 10] . In particular, for the theorem of de Jong to apply R must be essentially of nite type over a eld or a ring of Witt vectors; however, the multiplicity conjectures can be reduced to this case, and a description of this reduction can be found in references 1] and 5].
Let R, p, and q be as above. The theorem of de Jong implies that there exists an integer n and a graded prime ideal I of the graded ring A = R X 0 ; : : : ; X n ] such that the following conditions hold:
(1) Proj(A=I) is a regular scheme.
(2) I \ R = p.
(3) The induced map from Proj(A=I) to Spec(R=p) is generically nite. The third condition means that the extension of elds from the fraction eld of R=p to eld of rational functions of Proj(A=I) is nite. Let A denote A=qA, and let I denote the image of I in A. We consider the associated graded rings de ned by I on A and I on A, which we denote G(I) and G(I) respectively. Since I and I are graded ideals, G(I) and G(I) are bigraded rings. In this bigrading we assign degree (m; n) to an element of I n =I n+1 which is represented by an element of I n which has degree m in A. There is a surjective map from G(I) to G(I); let K 0 denote its kernel. K 0 is then a bigraded ideal. We note for future reference that since Proj(A=I) is a regular scheme, I is locally generated by part of a regular system of parameters, and G(I) is locally a polynomial ring over A=I.
Denote the residue eld of R by k, and let C 0 = (A=I) R k. in terms of an alternating sum of Tor modules in a way which we will now make precise.
Since K and J are bigraded ideals, the modules Tor C i (C=K; C=J) are bigraded modules for all i. In addition, they are annihilated by J, which is generated by the variables S 1 ; : : : ; S d ; T 0 ; : : : ; T n , so they can be considered as graded modules over C 0 . Thus the Tor modules de ne coherent sheaves over Proj(C 0 ); we denote the coherent sheaf de ned by Tor C i (C=K; C=J) by F i . Since C 0 = (A=I) R k is a graded ring over the eld k, the cohomology modules H j (Proj(C 0 ); F i ) are nite dimensional k-modules for all i and j. For each i and j we let
We then de ne the Euler characteristic we are considering by letting
We refer again to Berthelot 1], Hochster 5] , and Roberts 10] for more details and di erent versions of this construction.
In the remainder of the paper we show that the Euler characteristic (C=K; C=J) can be expressed in terms of the Hilbert polynomial de ned by the bigraded module C=K.
Hilbert polynomials in two variables
In this section we prove the existence of Hilbert polynomials in the speci c situation we are considering.
We rst change the notation slightly from that of the previous section. Let C be a bigraded polynomial ring over a eld k in variables X 0 ; : : : ; X s ; T 0 ; : : : ; T u and S 1 ; : : : ; S v where each X i has degree (1; 0), each T i has degree (1; 1), and each S i has degree (0; 1). (The ring C considered in the previous paragraph is a homomorphic image of a bigraded polynomial ring of this type, and we had in addition that s = u = n and v = d. It is more convenient here to restrict to polynomial rings but to allow more general conditions on the number of variables.)
We assume the basic facts about Hilbert functions of a Z-graded ring as presented, for example, in Matsumura 8] section 13. We will often consider C as a Z-graded ring by using the grading in the rst variable, so that C m = n C m;n . In general C m is not a nite-dimensional vector space over k, although if v = 0 (so that there are no variables of degree (0; 1)), we will have C 0 = k and C m will be nite dimensional for all k. We use the notation Proj(C) to denote the projective scheme associated to C using this grading, and if M is a bigraded C-module, we will sometimes consider it as a Z-graded module in the same way. For any nitely generated bigraded C-module M, and for any integers m and n, let M m;n be the component of M of degree (m; n). Let Just as in the classical case, the Hilbert function is not a polynomial in m and n for all (m; n), but there is a polynomial which agrees with the Hilbert function for (m; n) in a certain subset of Z Z. We prove that there exist integers m 0 and n 0 such that the Hilbert function is given by a polynomial for (m; n) with m m 0 and n m + n 0 . We note that the intersection of two subsets of Z Z de ned by inequalities of this type is nonempty and is de ned by inequalities of the same type. We will sometimes abbreviate the statement that a condition holds for (m; n) satisfying such inequalities by saying that it holds for su ciently large m and n.
To prove the result we will need to know that certain simply graded subsets of To show that the elements S K x i above generate M, we will show that each component M m;n of D k (M) is generated as a k-vector space by multiples of these elements by monomials in B. Fix m and n with n m + k. The component M m;n is generated as a vector space over k by elements of the form X I T J S K x i , where I; J, and K denote s, u, and v-tuples of nonnegative integers, and where X I T J S K is a monomial of the correct degree. If one factor of the form T j or one factor of the form X i S j occurs in this monomial, then T j or X i S j can be factored out and this generator is a multiple of an element in M m?1;n?1 by an element of B, and we can conclude the result by induction on m. If no factor of T j or X i S j occurs in X I T J S K x i , then X I T J S K x i is of the form X I x i or S K x i . In the rst case, since we have assumed that x i 2 D k (M), we can divide by X j for some j, so we can again divide by an element of B and conclude the result by induction. In the second case the element is one of those which we have chosen to generate D k (M). Hence in either case we can conclude that X I T J S K x i is a multiple of one of the given generators by an element of B, so D k (M) is nitely generated. Our proof of the existence of Hilbert polynomials uses an inductive argument, and it is convenient to represent polynomials using binomial coe cients. We recall that a polynomial in one variable m can be uniquely written as a linear combination of the binomial coe cients m i for various nonnegative integers i. Since a polynomial in two variables is a sum of products of polynomials in each variable (for example, the monomials are such products), it follows that a polynomial in two variables m and n can be written as a linear combination of products m i n j for various i and j. The reason for writing polynomials in this form comes from the fact that binomial coe cients satisfy the equation
which is useful in proving results by induction.
We can now prove the main result of this section. If M is a bigraded module, we let M i; j] denote the module M with degrees shifted by (i; j), so that M i; j] m;n = M m+i;n+j for all m and n. Theorem 1. Let C be as above, and let M be a nitely generated bigraded C- Proof. We prove this result by induction on the number of variables S i of degree (0; 1). We rst suppose that there are no variables of this type. Suppose that M is generated by elements x i of degree (m i ; n i ), and let n 0 be the an integer greater than the maximum value of n i ? m i . For every (m; n), the component of M of degree (m; n) is generated by products of the x i with monomials in X i and T i . Since each X i has degree (1; 0) and each T i has degree (1; 1), if X I T J x i has degree Hence these polynomials agree for all (m; n) with m m 0 and n m + n 0 as was to be shown.
For convenience, we de ne the Hilbert polynomial of a bounded complex of nitely generated modules to be the alternating sum of the Hilbert polynomials of the modules. By the additivity of Hilbert functions (and thus of Hilbert polynomials) we have Proposition 1. If F is a bounded complex of nitely generated bigraded modules, then P F (m; n) = X (?1) i P Hi(F ) (m; n):
4. Difference Formulas In applications of Hilbert polynomials, the most important information is usually contained in the terms of the polynomial of highest degree. If P M (m; n) has degree less than or equal to r, we denote P r M (m; n) the homogeneous component of P M of degree r, and we use the same notation for the Hilbert polynomial of a bounded complex. If x is a homogeneous element of C of degree (i; j), we denote K (x) the Koszul complex on x, so that K 0 (x) = C, K 1 (x) = C ?i; ?j], K i (x) = 0 for i 6 = 0 or 1, and the map from K 1 (x) to K 0 (x) is multiplication by x. Proposition 2. Let F be a bounded complex of bigraded modules, and let i, j, and k be integers between 0 and s, 0 and u, and 1 and v respectively. Assume that the degree of P F is at most r. Then the degrees of P F K (Xi) , P F K (Tj) , and P F K (S k ) are at most r ? 1, and we have This completes the proof.
We state a similar proposition for the degree of P M (m; n) in the variable n.
Proposition 3. Let F be a bounded complex of bigraded modules, and let k be an integer between 1 and v. Assume that the degree of P F in n is r. Then the degree of P F K (S k ) in n is r ? 1. Proof. The proof of this result is the same as Proposition 2, using the fact that if G(m; n) is any polynomial of degree r in n, then the polynomial G 0 (m; n) = G(m; n) ? G(m; n ? 1) has degree r ? 1 in n.
We note that if S k , for example, is not a zero-divisor on a module M, the above proposition, together with Proposition 1, implies that P r?1 M=S k M = @P r M @n , provided that P M has degree at most r.
Proposition 2 also makes it easy to compute the Tor modules with C=J that we need for the positivity criterion. Let J be the ideal of C generated by the elements T 0 ; : : : ; T h ; S 1 ; : : : ; S g . Then 
Hilbert polynomials and dimension.
Just as in the classical case, the dimension of a bigraded module is given by the degree of the Hilbert polynomial. We prove this fact in this section, together with a similar result for a di erent type of dimension which we de ne below.
We rst specify the precise de nition of dimension that we are using. As mentioned above, we can consider a bigraded module M as a Z-graded module, and as such M de nes a coherent sheaf on Proj(C), where C is given its Z-grading as described in section 3. By the dimension of M we mean the dimension of this coherent sheaf. Usually (if M has no components supported at the ideal generated by the X i and the T i ), this dimension is one less than the Krull dimension of the module M. We note that if M m is a nite dimensional vector space over k for all m, then the theory of Hilbert polynomials of Z-graded rings implies that the degree of its Hilbert polynomial is equal to the dimension of M in the sense we are considering.
We next introduce the second type of dimension that we will use. Let M be a bigraded module as above. Then M m is a nitely generated k S 1 ; : : : ; S v ]-module for each m. Let a m be the annihilator of M m . Since M is nitely generated, we have a m a m+1 for large m, and since k S 1 ; : : : ; S v ] is Noetherian, we thus have that a m = a m+1 for large m. We let a = a m for large m, and we de ne the Sdimension of M to be the dimension of k S 1 ; : : : ; S v ]=a. We note that a is a graded ideal of k S 1 ; : : : ; S v ]. Equivalently, we can de ne the S-dimension of M to be the dimension of the k S 1 ; : : : ; S v ]-module M m for large m.
In the proof of Theorem 2 we wish to take a ltration of a bigraded module M with quotients of the form C=Q i; j], where Q is a bigraded prime ideal of C. This is of course a standard procedure; we prove that it works properly also for bigraded modules. does not annihilate ax, so that ab 6 2 Q. We can then conclude that Q is prime; if a and b are not in Q, we take the maximal nonzero homogeneous components a i;j and b k;l with respect to the lexicographic order on Z Z; by the above argument their product is not in Q, so the maximality of the indices implies that the product of a and b is not in Q.
We note that it follows from this lemma that the associated prime ideals of M and, in particular, the minimal prime ideals in the support of M, are bigraded. We refer to a module of the form C=Q i j i ; k i ] in the ltration of dimension equal to the dimension of M as a component of M.
There are two other properties of bigraded modules which can be seen easily using Lemma 2. (Xi) is injective, and both rings are of nite type over the eld k, the dimension of k S 1 ; : : : ; S v ]=a is less than or equal to the dimension of (C=Q) (Xi) . Thus the S dimension of C=Q is less than or equal to its dimension.
With a ltration as in Lemma 2, the dimension of M is the maximum of the dimensions of the C=Q i , and similarly for the S-dimension. We need to know that the same properties hold for the degrees of the Hilbert polynomials. (1) The degree of P M is the maximum of the degrees of the P C=Qi .
(2) The degree of P M (m; n) in the variable n is the maximum of the degrees of the P C=Qi (m; n) in the variable n.
Proof. We note rst that both the total degree and the degree in n are the same for C=Q i; j] as they are for C=Q. Since Hilbert polynomials are additive on short exact sequences, what must be shown is that the terms of highest degree on the modules in the ltration cannot cancel out. We show that this holds rst for the degree in n. If the maximum value of the degree in n on any module in the ltration is t, suppose that this value is attained for C=Q i , and let t (m) be the polynomial in m which is the coe cient of n t in the expansion of P C=Qi (m; n) as Thus this limit is nonzero. On the other hand, P M (m; n) n t = H M (m; n) n t 0 for su ciently large n, so the limit cannot be negative. Hence t (m) > 0 for su ciently large m. Since this is true for every module in the ltration with Hilbert polynomial of degree t in n, the sum must also have this property. For the total degree the proof is similar. Let u be the maximum value of the total degrees of modules in the ltration, and suppose that it is attained for C=Q i . Then for k su ciently large, the polynomial in m given by (m) = P C=Qi (m; km) has degree u, so its leading coe cient, which is nonzero, is the coe cient of m u .
Representing this leading coe cient as a limit of
shows that it must be positive. Hence, as before, the leading polynomials cannot cancel and the total degree of P M (m; n) is u.
Theorem 2. Let M be a bigraded module, and let P M be its Hilbert polynomial.
Then
(1) The total degree of P M (m; n) is the dimension of M. ( 2) The degree of P M (m; n) in n is the S-dimension of M. (3) If M has a component C=Q i; j] such that the S-dimension of C=Q is t and the total dimension of C=Q (which is equal to the total dimension of M) is s + t, then the coe cient of m s n t in P M is positive.
Proof. We prove all three statements by induction on the dimension of M. For xed dimension, we use induction on the S-dimension of M. We rst prove all three results when the S-dimension of M is 0. Using Proposition 5, we assume that M = C=Q for a bigraded prime ideal Q. Let a be the intersection of Q with k S] = k S 1 ; : : : ; S v ]. Since dim(k S]=a) = 0 and a is a graded prime ideal, each S i must be in a, so the S i annihilate M. Hence M is a nitely generated module over k X; T]. In this case, as shown in the proof of Theorem 1, the ordinary theory of Hilbert polynomials applies, and P M (m; n) is a polynomial in m of degree equal to the dimension of M. If this degree is s, then statement (3) says that the coe cient of m s is positive, which is clear, since the leading coe cient of a Hilbert polynomial of a Z-graded module is always positive. Also, the degree in n is zero, which is the S-dimension. Hence all three statements hold in this case.
Assume now that the S-dimension of M is t > 0. Take a ltration as in Lemma 2. If every quotient in the ltration has either dimension or S-dimension less than that of M, parts 1 and 2 of the theorem follow by induction and the third statement does not apply. Hence we may assume that M = C=Q, where the S-dimension of C=Q is t, and let the dimension of C=Q be s + t. It su ces to show that the degree of the Hilbert polynomial of C=Q is at most s + t, that the degree in n is at most t, and that the coe cient of m s n t is positive. This will establish all three statements.
We rst prove the two inequalities. Let M = C=Q as above. If all the S i were in Q, the S-dimension would be zero. Hence there is an i for which S i 6 2 Q. Both the dimension and the S dimension decrease by at least one when we replace M by M=S i M, so by induction the degree of P M=SiM is at most the the dimension of M=S i M, and similarly for S-dimension. By Proposition 3 the degree of P M=SiM in n is exactly one less than the degree of P M , so, denoting the degree in n by ndeg and the S-dimension by Sdim, we have the relations
Thus the degree of (P M ) in n is less than or equal to the S-dimension of M. We can argue similarly using M=S i M to conclude the corresponding inequality for dimension except in the case where the total degree of P M=SiM is strictly less than degree(P M ) ? 1. However, the only way this can happen is for the component of P M of highest degree to be a power of m. In this case we can replace S i by one of the X i or T i and, using Proposition 2, complete the argument as before. Thus we may assume that M = C=Q, where the S-dimension of M is t and the total dimension is s+t, and we have to show that the coe cient of m s n t is positive. As above, we may assume that S i is not a zero-divisor on M. We (We note that Proposition 4 gives this formula with P u+v+1 M (m; n) instead of P M (m; n), but in this case, since the degree of P C=Q is u + v + 1, all components of lower degree vanish after applying the partial derivatives.) Since the S-dimension of C=Q is at most v, the degree of P C=Q in n is at most v. If we rst apply @ @n The equivalence of (1) and (3) in this theorem appears in Kurano and Roberts 7] . It implies, as shown there, that if p and q are prime ideals of a regular local ring R with dim(R=p)+dim(R=q) = dim(R) and such that R=p R R=q has nite length, then the Serre positivity conjecture implies that for all n we have p (n) \ q m n+1 , where m is the maximal ideal of R.
We conclude by giving another version of the third criterion and applying it to the situation which arises in considering the Serre positivity conjecture. Proposition 6. Let C = k X 0 ; : : : ; X n ; T 0 ; : : : ; T n ; S 1 ; : : : ; S d ], and let K be a bigraded ideal of C such that the dimension of C=Q is equal to n + d + 1 for all minimal prime ideals Q containing K. Let K = fc 2 Cj(X 0 ; : : : ; X n ) k c K for some kg:
Then the following are equivalent: 
